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Abst rac t - -Our  aim in this note is to construct attractors and exponential ttractors for a general 
class of nonautonomous semilinear wave equations. Following the approach described in [1], we define 
a semigroup S(t) associated to an autonomous system, and then prove, using an energy functional, 
that S(t) is an a-contraction and satisfies the squeezing property. (~) 2000 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
In this note, we study the long time behavior of a general wave equation of the form 
Pu" + Qu' + Au + F (t, u) = h (t), (1.1) 
in a Hilbert space H, where A, P,  and Q are linear positive self-adjoint operators. This class of 
equations contains different types of wave equations previously studied (see [1-5] and the refer- 
ences therein). For instance, this class of equations contains the Sine-Gordon equation (see [5]) 
u" + au' - Au + j3 sin u ---- f (t), c~ > 0, (1.2) 
which models the dynamics of a Josephson junction driven by a current source. The forcing 
term f is proportional to the current intensity applied to the junction, it is thus, natural  to 
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consider forcing terms that depend explicitly on the time. One can also consider generalized 
beam equations (see [6]) of the form 
a, ,5 > 0, (1.3) 
with time dependent forcing terms. Here, we restrict ourselves to the case where F and h are 
quasiperiodic with respect o the time. Some of our results can, however, be extended to the 
other types of time dependence considered in [1]. 
Using the general framework developed by Chepyzhov and Vishik in [1], we study in fact a 
family of equations, which enables us to construct a semigroup S(t) on an extended space (see 
Section 2 below, we also refer the readers to [7,8], and the references therein for another approach 
of nonautonomous equations (actually, these are the first known results for nonautonomous sys- 
tems) based on the so-called skew product flow). We then study the long time behavior of S(t). 
After having established the existence of an absorbing set, we prove, using an appropriate 
energy functional, that S(t) is an a-contraction i the sense of [9], and thus, obtain the existence 
of the global attractor which is a compact invariant set which attracts uniformly the trajectories as 
time goes to infinity. We also prove that S(t) satisfies the squeezing property (see [2]), and obtain 
the existence of an exponential attractor which is a compact positively invariant set which has 
finite fractal dimension, contains the global attractor, and attracts exponentially the trajectories 
(see [2]). 
2. SETT ING OF  THE PROBLEM 
Let H be a separable Hilbert space which we endow with the scalar product ( . , . )  
associated norm I" I. We consider the following equation in H: 
and the 
Pu" + Qu' + Au + F (t, u) = h (t), 
0 U t 1 U (T)  = UT, (T)  = ~t.r, 
(2.1) 
(2.2) 
t~T ,  ~ '•R .  
We assume that A, P, and Q are linear positive self-adjoint operators and that A has compact 
inverse. We also assume that D(A) c D(Q) c D(P) with continuous injections and that there 
exist three positive constants a, ~, and A such that 
alu l< Q1/2u <_~ A1/2u , 
P1/2u < A Q1/2u , 
Vu E D (A 1/2) , (2.3) 
Vu E D (Q1/2) . (2.4) 
Finally, we assume that AP = PA, QA = AQ, Vu • D(A). 
We set X = D(A1/2) x D(P 1/2) and we endow this space with the scalar product (which we 
still denote ( . , . ) )  defined by ((u, v), (w, z)) -- (A1/2u, A1/2w) + (P1/2v, P1/2z). 
We assume that F • C~(R, C5(D(A1/2), D(Q-1/2))), where the index b means that we consider 
bounded functions, and that there exists G • C2(R,¢b(D(A1/2), R)) such that duG(t,u) • v = 
(F(t, u), v), Vt • R, Vu, v • D(A1/2). We also assume that there exists a positive constant co 
such that 
(F (t, u),  u) - a (t, u) > Co, 
a (t, u) > -Co, 
(2.5) 
(2.6) 
Vt E R, Vu • D(A1/2). Finally, we assume that h • C~(R,D(Q-1/2)). 
Nonautonomous Wave Equations 19 
We now assume that F and h are quasi-periodic with respect o the time, and more pre- 
cisely that (F(t, .), h(t)) = (F(at, .), h(at)), where a = (31, . . . ,  ak), and wi ~-* (F(wl , . . .  ,wk, "), 
h (wl , . . . ,  Wk)) is 2~r-periodic, i = 1, . . . ,  k; the ai being rationally independent. 
Following the construction given in [1], we study in fact the family of equations 
Pu" + Qu' + Au + F (w (t), u) = h (w (t)), 
U t 1 
(2.7) 
(2.8) 
t k % T E R, where w(t) = at + a (mod Tk), a E T k, T k being the k-dimensional torus. 
We associate to (2.7),(2.8) the following autonomous system: 
Pu" + Qu' + Au + F (w, u) = h (~) , 
03 ! --~ OL, 
u (0) = uo, u' (0) = u l ,  
(o) = 
(zg) 
(2.1o) 
(2.11) 
(2.12) 
In order to obtain the existence of solutions for (2.7),(2.8) (and consequently, for (2.9)-(2.12)), 
we consider the equation satisfied by 
E1 (t) 1 p1/2u, 2 1 All2 u 2 = ÷2 +G(t ,u ) ,  (2.13) 
and we justify the formal estimates by considering Galerkin approximations. To have uniqueness 
of solutions, we make an assumption of the form 
Q-1/2 (F (at + ~, u) - F (at + -5, v)) < M ( A1/2u , AU2v ) ([A ~ (u - v)l + la - -#l), (2.14) 
Vu, v E D(AU2), Va, KC T k, where ]al 2 = ~k=la2 i fa  = (a l , . . . ,ak )  and 0 < ~/< 1/2. 
This allows us to define the family of processes U~(t, T) on X defined by U~(t, T)(uOr, u 1 ) = 
(U(t), u'(t)), where u is the solution of (2.7),(2.8), and the semigroup S(t) on X x T k defined by 
S(t) (Uo, Ul, a) = (u(t), u'(t), w(t)), where (u, w) is the solution of (2.9)-(2.12). 
3. CONSTRUCTION OF F IN ITE-D IMENSIONAL ATTRACTORS 
We first give the following definitions (see [1,10]). 
DEFINITION 3.1. 
(a) A compact set AT~ C X is called the uniform attractor for the family of processes Ua(t, T) 
acting on X if, 
(i) V B C X bounded, Limsupt_~+o o Sup~,eT~ dist x (U~ (t, 7)B, ATk ) = O, 
(ii) (minimality property) V A' C X closed and bounded satisfying (i), .ATk C ~4'. 
(b) A compact set A4Tk C X is a uniform exponential attractor for the family of pro- 
cesses Ua (t, T) acting on X if, 
(i) AT k C A4Tk C X, 
(ii) J~T  k has finite fractal dimension, 
(iii) V B C X bounded, there exist two constants cl and c2 that depend only on B such 
that Supa~Tkdistx(U~(t,T)B, fl4Tk ) < cle -c~(t-~), V t > T, V E R. 
In order to prove the existence of the uniform attractor and of uniform exponential ttractors 
for the family of processes associated to (2.7),(2.8), we first prove the existence of the global 
attractor and of exponential attractors for the semigroup S(t) associated to (2.9)-(2.12). We 
then project on X (see [11].) 
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We first prove the existence of a uniform (with respect o a) bounded absorbing set B for 
U~(t,T), which then yields the existence of an absorbing set (B x T k works here) for S(t).  To 
do so, we consider the functional On(u, v) = (1/2)[p1/2v12 + (1/2)lA1/2u[ 2 4- G(t, u) - (h(t), u) + 
~(Pu,  v) + (~?/2)lQ1/2ul 2 defined on X (see [3].) If u is a solution of (2.7),(2.8), we have if 
0 < 5 < ~1, ~ small enough (see [3]), 
d da  (t, u) - (h' (t), u), ~-~ (u, u') + 6¢~ (u, u') < K (co, A, fl, h) 4- -~- (3.1) 
which yields, since I(h',u)l <~ elQ1/2ul 2 -4-c(e)lQ-I/2h'l 2, ve > 0, and taking e small enough so 
that e[Q1/2u[ 2 can be absorbed in the term (5/2)¢,7(u , u'), 
d , 5 
~-~,  (u, u ) + ~n (u, u') <_ K (co, A,/3, G, h). (3.2) 
We then consider two solutions (u,w) and (v,~) of (2.9)-(2.12). We set w = u -  v. The 
function w satisfies the following equation: 
Pw"  + Qw'  + Aw + F (at + a, u) - F (at + -~, v) = h (at + a) - h (at + -~) . (3.3) 
We set E2(t) = IP1/2w'[2 4- [AU2wl2 4- IQ1/2wl 2 4- 2 (Pw' ,w)  4- I~ -~12. We prove as in [3], 
using (2.14), that 
d E2 c ([A'rwl 2 4- , (t) + (t) < - 2) (3.4) 
if ~ > 0 is properly chosen. It then follows by equivalence of norms that 
d E 2 (t) + ~/E2 (t) _< c'E2 (t). (3.5) 
This last inequality allows us to prove that S(t) is an a-contraction i the sense of [9]. This 
yields the existence of the global attractor .4 for S(t) on X x T k. 
Furthermore, following the same steps, except that we first project the equations (we thus 
assume that there exists an orthonormal basis of H, which we denote (Wn)neg* such that the 
orthogonal projectors 1-In : H ~ Vect(wl, . . . ,  w~) commute with A, P, and Q), we can prove the 
squeezing property. To do so, we need an assumption of the form 
Vu, v E D(Al l2) ,  Va,~ E T k, 5 > 0 (in practical situations, it suffices to verify this assumption 
on a bounded absorbing set, and 5 is small, see [3]). Moreover, we consider the projectors T~n 
defined by Pn(u ,v ,a )  = (II,~u, IInv, a). These projectors are thus, orthogonal projectors with 
finite rank on X x T k. We then have the following theorem. 
THEOREM 3.1. The semigroup S(t) possesses an exponential attractor M on a proper positively 
invariant compact subset Y of X x T k. Therefore, the global attractor A has finite dimension. 
We refer the reader to [3] where different ypes of wave equations (and in particular those 
presented in the introduction) that can be written in the form (1.1) are presented. We can easily 
adapt the proofs performed in the autonomous case to the present situation. 
REMARK 3.1. 
(a) We could only consider quasiperiodic in time functions in order to prove the squeezing 
property. Indeed, we needed to construct orthogonal projectors with finite rank on the 
extended space (and more precisely to treat the Tk-component). This assumption was not 
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necessary in the first part of the proof (i.e., to obtain an a-contraction) and more general 
time dependence (see [1]) can be considered. 
(b) We can easily adapt the proofs presented in this note to the case where A varies slowly 
with respect o the time (this will be precised below), i.e., we consider an equation of the 
form 
Pu" + Qu' + A (t) u + F (t, u) = h (t) , (3.7) 
where A(t) is also quasi-periodic (with k modes), and to which we associate the au- 
tonomous ystem 
Pu" + Qu' + A (w) u + F (w, u) = h (w), (3.s) 
(3.9) 
In this case, we assume that A(w) is a linear self-adjoint positive operator with compact inverse, 
Vw E T k. Furthermore, we assume that Vs > 0, ~DA~ C H with compact injection such that 
D(A(w) s) = DA.~, Vw E T k, and that there exist two positive constants c~ and c~ such that 
C~]UID~  IA(~)%I_ c~l~la~, 
Vw E T k. Finally, we assume that if A(t) ~ : V~ --~ V~, then [A(t)s] ' : V~ --* V 2 and 
(3.10) 
[A (t)S]'u v~ -< cSIA (t)Slv2~' (3.11) 
We then make an assumption similar to (2.3) (with constants where cs does not depend on t. 
that do not depend on the time) and consider the functionals 
1 1 2 / 2 1 I/2U 2 
E l ( t )=~ P / u +-~ A(t) +G(t,u),  (3.12) 
ffP~l(U,V) =-1 p1/2v 2-1-1~ A(t)l/2u 2+G(t ,u)- (h(t)  , u)+~?(Pu, v) + ~ Q1/2u 2, (3.13) 
E2 (t) = p1/2w' 2+ A (t)l/2w 2 + Q1/2 w 2_~_2 (Pw t, w) ~-Io - ~]2. (3.14) 
The only difficulty here is to prove the existence of a bounded absorbing set. Using (I) n defined 
in (3.13), we have (for ~/and 5 small enough) an inequality of the form 
d <-eA( t ) l /2u  2 [A(t)l/2]'u A(t)'/2u K, (3.15) -~,  (u, u') + ~ (u, u') + + 
where e is small. We can thus, conclude if we have an inequality of the form 
I[A(t)a/2]'u <_~ A(t)l/2u . (3.16) 
Finally, in order to prove the squeezing property and construct projectors, we assume that DA 
is the domain of an operator A, and we consider the spectrum of A. 
(c) The case where P and Q also depend on the time is more involved and will be treated 
in [12]. 
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